A uniquely k-colourable graph is a graph with exactly one partition of the vertex set into at most k colour classes. Here, we investigate some constructions of uniquely k-colourable graphs and give a construction of K k -free uniquely k-colourable graphs with equal colour class sizes.
We use standard terminology from graph theory and consider simple, finite graphs G with vertex set V (G) and edge set E(G). A k-colouring of a graph G with k ∈ N is a partition C of the vertex set V (G) into k ′ ≤ k non-empty sets A 1 , . . . , A k ′ . The colouring C is called proper if each set is an independent set of G, that means that there are no two adjacent vertices of G in the same colour class A ∈ C. The chromatic number χ(G) is the minimum k such that there is a proper k-colouring of G.
We call a graph G uniquely k-colourable if χ(G) = k and for any two proper k-colourings C and C ′ of G, we have C = C ′ . It is easy to see that the complete graph K k on k vertices is uniquely k-colourable and we can obtain a family of uniquely k-colourable graphs by consecutively adding a vertex and join it to all vertices except those of one colour class. This raises the question if all uniquely k-colourable graphs contain K k as a subgraph.
The properties of uniquely colourable graphs have been widely studied, for example in [1-5, 7, 8] . One such property-can be found in [3] -is that the union of any two distinct colour classes induces a connected graph. Assume to the contrary that there is a graph G with unique colouring C and there are A, B ∈ C, A = B, such that G[A ∪ B] has at least two components. Let H be such a component and consider the colouringC with
ThenC is a proper colouring of G distinct from C, a contradiction. We sayC is obtained from C by a Kempe change along H.
This implies that in a uniquely k-colourable graphs every vertex has a neighbour in every other colour class. Hence, it is connected and has minimum degree at least k − 1. Furthermore, a uniquely k-colourable graphs is (k − 1)-connected. To see this, assume that there is a non-complete graph G with a unique k-colouring C and for two non-adjacent vertices x, y, there is a separator S with |S| ≤ k − 2. But then there are distinct A, B ∈ C with
is connected. Since x and y have neighbours in A ∪ B, they cannot be separated by S, a contradiction.
This question whether a uniquely k-colourable graphs always contains K k as a subgraph was first disproved by Harary, Hedetniemi, and Robinson [5] . They gave a uniquely 3-colourable graph F without triangles. For k ≥ 4, a uniquely k-colourable graph is F + K k−3 , where G 1 + G 2 is the complete join of the two graphs G 1 and G 2 .
Several years later, Xu [8] proved that the number of edges of a uniquely k-colourable graph on n vertices is at least (k − 1) n − k 2 and that this is best possible. He further conjectured that uniquely k-colourable graphs with exactly this number of edges have K k as a subgraph [8] . This conjecture was disproved by Akbari, Mirrokni, and Sadjad [1] . They constructed a K 3 -free uniquely 3-colourable graph G on 24 vertices and 45 edges. For the cases of k ≥ 4, again G + K k−3 disproves the conjecture.
We are interested in constructions of uniquely k-colourable graphs such that the colour classes have nearly the same size. One useful concept for this is the critical chromatic number introduced by Komls [6] in the context of bounds on a Tiling Turn number. Given a k-colourable graph H on h vertices, let σ(H) be the smallest possible size of a colour class in any proper k-colouring of H. Then the critical chromatic number is defined by
The critical chromatic number fulfils χ(H) − 1 < χ cr (H) ≤ χ(H) and equality holds if and only if in every k-colouring of H the colour classes have the same size.
All constructions above have critical chromatic number close to χ(G) − 1 = k − 1.
In the following, we give a new construction of uniquely k-colourable graphs. Given a uniquely k-colourable graph H without K k and χ cr (H) = χ(H), this construction leads to a uniquely (k + 1)-colourable graph G without K k+1 and χ cr (G) = χ(G). We further compare this construction with a result of Neetil [7] and a probabilistic proof for the existence of uniquely colourable graphs by Bollobs and Sauer in [2] .
*

Construction
Let H be a k-colourable graph with a proper k-colouring
Proof.
First, it is straightforward to check that C ′ is a proper colouring with k+1 colours. Therefore, assume that there is another colouringC with k + 1 colours.
Fix a colour D ∈C. For v ∈ V (H) ∩ D consider the vertices v q for all q = 1, . . . , k. They do not have the same colour as they are not pairwise non-adjacent. Thus, there is
By the construction, G[X(D)] is isomorphic to H and misses the colour D; hence it is coloured with k colours. By the hypothesis, this is the only 
By Theorem 1 we showed a) and it is easy to see f ) from the construction. Simply counting vertices and edges leads to d).
To show b), let C be a maximum clique of G.
Assume that there are distinct r, s, t ∈ {1, . . . , k} and u, v, w ∈ V (H) such that u r , v s , w t ∈ C. Since these three vertices belong to a triangle, it is u = v = w, but these vertices can only induce a path. Hence, assume next that there are distinct r, s ∈ {1, . . . , k} and distinct v, w ∈ V (H) with v r , w r , w s ∈ C. But then v r w s / ∈ E(G). . By the construction of the colouring, each colour set of G has size k · s. Since C ′ is the only colouring, we get χ cr (G) = χ(G) and we have proved c).
By the construction, we obtain the following degree function for v ∈ V (G), which shows e).
Small triangle-free uniquely 3-colourable graphs
Using some computer calculation, Figure 1 shows a graph on 12 vertices and 22 solid drawn edges. Adding at most one of the dashed edges, we obtain a list of three non-isomorphic uniquely 3-colourable triangle-free graphs on 12 vertices with critical chromatic number 3.
Corollary 3. For all k ≥ 3 there are uniquely k-colourable K k -free graphs on 2 · k! vertices with critical chromatic number k.
Proof.
For k = 3, it is straight-forward to check that the graphs in Figure 1 are uniquely 3-colourable, triangle-free, have 12 vertices and critical chromatic number 3.
For k > 3, iteratively apply the construction ν to one of the graphs in Figure 1 to obtain a k-colourable graph. All demanded properties follow from Proposition 2.
Probably the graphs in Figure 1 are the only non-isomorphic uniquely 3-colourable trianglefree graphs with critical chromatic number 3 on 12 vertices. But to verify the calculations, it should be necessary to start a second independent implementation in another programming language. Therefore, we do not like to pretend that Figure 1 shows all of them. We conclude this section by showing that they are smallest possible.
Proposition 4. The graphs in Figure 1 have smallest number of vertices among all uniquely 3-colourable triangle-free graphs with critical chromatic number 3.
Since the critical chromatic number is 3, the number of vertices n of such graphs has to be divisible by 3. We left the case n = 3 and n = 6 to the reader and assume that there is such a graph G with n = 9 vertices.
As mentioned above, each two colour classes induce a connected subgraph. Therefore 
Comparison with other results
In this section, we compare our new construction of uniquely colourable graphs with a straight-forward construction, with a triangle-free construction by Neetil [7] , and a probabilistic proof by Bollobs and Sauer [2] , which forces an arbitrary girth. To obtain, for an integer k ≥ 3, a uniquely k-colourable K k -free graphs with equal colour class sizes, none of the following constructions is suitable. To our best knowledge, there are no such other suitable constructions yet; thus, the construction ν and Corollary 3 seem to fill a gap.
Construction 1:
The complete graph K k on k vertices is uniquely k-colourable. Given a uniquely k-colourable graph H, adding a new vertex and joining it to all vertices of H except those of one colour class, we obtain a new uniquely k-colourable graph. This is a way for increasing the critical chromatic number of uniquely k-colourable graphs by choosing repeatedly a smallest colour class.
However, if there is a clique in the original graph H containing a vertex from each nonmaximal colour class, then we obtain a K k after balancing all colour class sizes as described above. Hence, depending on our starting graph H, in some cases we cannot obtain a uniquely k-colourable K k -free graphs with equal colour class sizes using Construction 1.
Construction 2 (Neetil [7]):
To get a uniquely k-colourable graph, k ≥ 2, choose n > 16 k·(2(k−2)) 2k−1 and start with the uniquely 2-colourable path P 0 n = P n on n vertices and colour classes A 1 , A 2 . The uniquely k-colourable graph P (k−2) n is constructed iteratively. Assume that P (j−1) n , j ≥ 1 with colour classes A 1 , . . . , A (j+1) is constructed and let M j be the set of all independent sets M of P (j−1) n with |M | = j + 2 such that M ∩ A i = ∅, 1 ≤ i ≤ j + 1. Then V (P j n ) = V (P (j−1) n ) ∪ M j and xy ∈ E(P j n ) if xy ∈ E(P (j−1) n ) or x ∈ y ∈ M j . The new colour class is A (j+2) = M j .
By this construction, we obtain a triangle-free graph G that is uniquely k-colourable with a colouring C = {A 1 , . . . , A k }. It is |A 1 | = |A 2 | = Θ(n), |A 3 | = Θ(n 3 ), |A 4 | = Θ(n 8 ), . . . .
Thus, the size of the colour classes differs; moreover, the critical chromatic number tends to k − 1 for k → ∞.
Construction 3 (Bollobs, Sauer [2]):
Bollobs and Sauer used a probabilistic approach to show the existence of uniquely k-colourable graphs with an arbitrary minimum value g for the girth. To this extent, they started with k-partite graphs, each partition of size n and m = k 2 n 1+ε uniformly chosen edges with 0 < ε < 1 4g . It is shown that many of these graphs contain only few cycles of length smaller than g and these cycles do not share a vertex. By removing a few edges to destroy these short cycles, most graphs are still uniquely k-colourable and we obtain the existence of a demanded graph.
Choosing g = 4 and analysing their arguments, there exists a uniquely k-colourable trianglefree graph on Θ(k 129 ) vertices. However, this does not yield an explicit construction.
